The 8V CSOS model and the $sl_2$ loop algebra symmetry of the six-vertex
  model at roots of unity by Deguchi, Tetsuo
ar
X
iv
:c
on
d-
m
at
/0
11
01
21
v1
  [
co
nd
-m
at.
sta
t-m
ec
h]
  6
 O
ct 
20
01
International Journal of Modern Physics B,
❢c World Scientific Publishing Company
The 8V CSOS model and the sl2 loop algebra symmetry
of the six-vertex model at roots of unity
TETSUO DEGUCHI ∗
Department of Physics, Ochanomizu University, 2-1-1 Ohtuska
Bunkyo-ku, Tokyo 112-8610,Japan
Received (received date)
Revised (revised date)
We review an algebraic method for constructing degenerate eigenvectors of the transfer
matrix of the eight-vertex Cyclic Solid-on-Solid lattice model (8V CSOS model), where
the degeneracy increases exponentially with respect to the system size. We consider the
elliptic quantum group Eτ,η(sl2) at the discrete coupling constants: 2Nη = m1 + im2τ ,
where N,m1 and m2 are integers. Then we show that degenerate eigenvectors of the
transfer matrix of the six-vertex model at roots of unity in the sector SZ ≡ 0 (mod N)
are derived from those of the 8V CSOS model, through the trigonometric limit. They
are associated with the complete N strings. From the result we see that the dimension
of a given degenerate eigenspace in the sector SZ ≡ 0 (mod N) of the six-vertex model
at Nth roots of unity is given by 22S
Z
max/N , where SZmax is the maximal value of the
total spin operator SZ in the degenerate eigenspace.
1. Introduction
Recently, it has been explicitly discussed that the transfer matrix of the six-vertex
model at roots of unity has the symmetry of the sl2 loop algebra.
1,2,3,4,5 Let us
consider the XXZ spin chain under the periodic boundary conditions
HXXZ = −J
L∑
j=1
(
σXj σ
X
j+1 + σ
Y
j σ
Y
j+1 +∆σ
Z
j σ
Z
j+1
)
. (1)
Here the parameter ∆ is related to the q variable of the quantum group Uq(sl2) as
∆ =
1
2
(q + q−1) (2)
When q2N = 1, it was shown 1 that the XXZ Hamiltonian commutes with the
generators of the sl2 loop algebra, which is an infinite dimensional algebra. Fur-
thermore, it was shown 1 by the Jordan-Wigner method for N = 2 and numerically
for general N that the dimensions of the degenerate eigenvectors are given by some
powers of 2, which increase exponentially with respect to the system size L.
The exponential degeneracy of the sl2 loop algebra should be important for the
problem of the “completeness of the Bethe ansatz eigenvectors”. In fact, the sl2
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loop algebra symmetry has not been considered in the standard arguments of the
string hypothesis. 6,7 Thus, it seems that it is still open whether we can construct 2L
linearly independent eigenvectors of the XXZ spin chain at roots of unity for general
L. The question should be related to so called singular Bethe ansatz solutions. 8
In fact, it is numerically confirmed that the standard solutions of the Bethe ansatz
equations determine only eigenvectors which have the highest weights of the sl2
loop algebra. 2 Furthermore, some important properties of complete N strings have
been discussed in association with the sl2 loop algebra.
2,3,4
Interestingly, it was numerically suggested that the transfer matrix of the eight-
vertex model at the discrete coupling parameters should have the degenerate eigen-
vectors corresponding to the degeneracy of the sl2 loop algebra.
1 Furthermore, it
has been recently shown that some degenerate eigenspace of the eight-vertex model
has dimension of N2L/N if L/N is an even integer. 5 Let us consider the XYZ
Hamiltonian under the periodic boundary conditions 9,10
HXY Z = −
L∑
j=1
(
JXσ
X
j σ
X
j+1 + JY σ
Y
j σ
Y
j+1 + JZσ
Z
j σ
Z
j+1
)
(3)
where the coupling constants JX , JY and JZ are given by
JX = J(1 + k sn
2(2η)) , JY = J(1− k sn
2(2η)) , JZ = J cn(2η)dn(2η) (4)
Here sn(z), cn(z) and dn(z) denote the Jacobian elliptic functions with elliptic
modulus k. We have called 2η the coupling parameter of the model. The number
N has been related to 2η by 2Nη = 2m1K+im2K
′
. The symbols K and K
′
denote
the complete elliptic integrals of the first and second kinds, respectively.
In this paper, we discuss an algebraic construction of degenerate eigenvectors
of the eight-vertex cyclic Solid-on-Solid model 11,12,13 (8V CSOS model), which is
a variant of the eight-vertex Restricted Solid-on-Solid model (ABF model) Then,
we show that through some limits, they give the degenerate eigenvectors of the six-
vertex model in the sector SZ ≡ 0 (mod N) consisting of the complete N strings.
2. The sl2 loop algebra symmetry of the XXZ spin chain
Let us consider representations of the generators of Uq(sl2) on the Lth tensor
product of spin 1/2 representations.
qS
Z
= qσ
Z/2 ⊗ · · · ⊗ qσ
Z/2 (5)
S± =
L∑
j=1
S±j =
L∑
j=1
qσ
Z/2 ⊗ · · · qσ
Z/2 ⊗ σ±j ⊗ q
−σZ/2 ⊗ · · · ⊗ q−σ
Z/2 (6)
Let us introduce some symbols: [n] = (qn − q−n)/(q − q−1) for n > 0 and [0] = 1;
[n]! =
∏n
k=1 [k]. Setting
S±(N) = limq2N→1(S
±)N/[N ]! (7)
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the operators S±(N) are non-vanishing and we have
S±(N) =
∑
1≤j1<···<jN≤L
q
N
2 σ
Z
⊗ · · · ⊗ q
N
2 σ
Z
⊗ σ±j1 ⊗ q
(N−2)
2 σ
Z
⊗ · · · ⊗ q
(N−2)
2 σ
Z
⊗σ±j2 ⊗ q
(N−4)
2 σ
Z
⊗ · · · ⊗ σ±jN ⊗ q
−N2 σ
Z
⊗ · · · ⊗ q−
N
2 σ
Z
(8)
The study of the symmetries of the XXZ Hamiltonian under periodic boundary
conditions at roots of unity was initiated in Ref. 15: S±(N) commute with the
Hamiltonian (1) when SZ/N is an integer and q2N = 1 holds. However, there exists
a much larger symmetry algebra than that of S±(N). 1 We remark that the XXZ
Hamiltonian is associated with the affine quantum group Uq(sˆl2). For instance, we
may consider the following
T± =
L∑
j=1
T±j =
L∑
j=1
q−σ
Z/2 ⊗ · · · q−σ
Z/2 ⊗ σ±j ⊗ q
σZ/2 ⊗ · · · ⊗ qσ
Z/2 (9)
which is also obtained from S± by the replacement q → q−1. When q2N = 1, we
define T±(N) similarly as (7).
Let T6V (v) denotes the (inhomogeneous) transfer matrix of the six-vertex model.
Then we can show the (anti) commutation relations when SZ ≡ 0(mod N) 1
S±(N)T6V (v) = q
NT6V (v)S
±(N), T±(N)T6V (v) = q
NT6V (v)T
±(N) (10)
and therefore in the sector SZ ≡ 0 (mod N) we have
[S±(N), H ] = [T±(N), H ] = 0. (11)
Let us discuss the symmetry algebra. With the following identification 1
e0 = S
+(N), f0 = S
−(N), e1 = T
−(N), f1 = T
+(N), t0 = −t1 = −(−q)
NSz/N ,
(12)
we can show that they satisfy the defining relations of the sl2 loop algebra:
[S+(N), T+(N)] = [S−(N), T−(N)] = 0 , (13)
[S±(N), SZ ] = ±NS±(N), [T±(N), SZ ] = ±NT±(N) , (14)
S+(N)3T−(N) − 3S+(N)2T−(N)S+(N) + 3S+(N)T−(N)S+(N)2 − T−(N)S+(N)3 = 0
S−(N)3T+(N) − 3S−(N)2T+(N)S−(N) + 3S−(N)T+(N)S−(N)2 − T+(N)S−(N)3 = 0
T+(N)3S−(N) − 3T+(N)2S−(N)T+(N) + 3T+(N)S−(N)T+(N)2 − S−(N)T+(N)3 = 0
T−(N)3S+(N) − 3T−(N)2S+(N)T−(N) + 3T−(N)S+(N)T−(N)2 − S+(N)T−(N)3 = 0 ,
(15)
and in the sector Sz ≡ 0(mod N) we have
[S+(N), S−(N)] = [T+(N), T−(N)] = −(−q)N
2
N
Sz. (16)
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The loop algebras with higher ranks are also discussed for some vertex models. 16
3. The algebraic Bethe ansatz of the elliptic quantum group Eτ,η(sl2)
The elliptic algebra Eτ,η(sl2) is an algebra generated by meromorphic functions of
a variable h and the matrix elements of a matrix L(z, λ) with non-commutative
entries, 17,18 which satisfy the Yang-Baxter relation with a dynamical shift
R(12)(z12, λ− 2ηh
(3))L(1)(z1, λ)L
(2)(z2, λ− 2ηh
(1))
= L(2)(z2, λ)L
(2)(z1, λ− 2ηh
(2))R(12)(z12, λ) (17)
Here h is a generator of the Cartan subalgebra h of sl2. Drinfeld’s quasi-Hopf
algebra gives a natural framework for the dynamical Yang-Baxter relation, which
can be derived from the standard quantum group Uq(sˆl2) through the twist
19,20.
The R-matrix of (17) is essentially that of the ABF model 14 (the 8V RSOS
model). Let V be the two-dimensional complex vector space with the basis e[1] and
e[−1]. Here we denote e[−1] also as e[2], and let Eij denote the matrix satisfying
Eije[k] = δjke[i]. Then, the R-matrix R(z, λ) ∈ End(V ) is given by
R(z, λ; η, τ) = E11 ⊗ E11 + E22 ⊗ E22 + α(z, λ)E11 ⊗ E22
+ β(z, λ)E12 ⊗ E21 + β(z,−λ)E21 ⊗ E12 + α(z,−λ)E22 ⊗ E11(18)
where h = E11 − E22 and α(z, λ) and β(z, λ) are defined by
α(z, λ) =
θ(z)θ(λ + 2η)
θ(z − 2η)θ(λ)
, β(z, λ) = −
θ(z + λ)θ(2η)
θ(z − 2η)θ(λ)
. (19)
The theta function has been given by
θ(z; τ) = 2p1/4 sinπz
∞∏
n=1
(1− p2n)(1 − p2n exp(2πiz))(1− p2n exp(−2πiz)) , (20)
where the nome p is related to the parameter τ by p = exp(πiτ) with Im τ > 0 .
Let us now review the construction of the eigenvectors of the elliptic algebra
Eτ,η(sl2) at the discrete coupling parameter: 2Nη = m1 +m2τ , where N , m1 and
m2 are any given integers.
5 Here we note that 2Nη = m1 +m2τ corresponds to
2Nη = 2m1K + im2K in (4). Hereafter we assume m2 = 0 for simplicity. Let
W = V (z1) ⊗ · · · ⊗ V (zL) be the Lth tensor product of the evaluation modules
VΛj (zj)’s with Λj = 1 for all j.
17,18 The transfer matrix T (z) of Eτ,η(sl2) is given
by the trace of the L-operator acting on the module W
L(z, λ) = R(01)(z−z1, λ−2η
L∑
j=2
h(j))R(02)(z−z2, λ−2η
L∑
j=3
h(j)) · · ·R(0L)(z−zL, λ)
(21)
Let us consider the mth product of the creation operators b(tj)’s on the vacuum.
21,18 Let us assume the number m satisfies the following condition
2m = L− rN , for r ∈ Z (22)
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Hereafter we also assume that rm1 is even. We introduce a function gc(λ) by
gc(λ) = e
cλ
∏m
j=1 (θ(λ− 2ηj)/θ(2η)). Vector vc is defined by vc = gc(λ)v0, where v0
is the highest weight vector ofW : hv0 = Lv0. Then, making use of the fundamental
commutation relations 18 associated with b(zj)’s, we can show that b(t1) · · · b(tm)vc
is an eigenvector of the transfer matrix T (z) with the eigenvalue C0(z)
C0(w) = e
−2ηc
m∏
j=1
θ(w − tj + 2η)
θ(w − tj)
+ e2ηc
m∏
j=1
θ(w − tj − 2η)
θ(w − tj)
L∏
α=1
θ(w − zα)
θ(w − zα − 2η)
,
(23)
if rapidities t1, t2, . . . , tm satisfy the Bethe ansatz equations
L∏
k=1
θ(tj − pk)
θ(tj − qk)
= e−4ηc
m∏
k=1;k 6=j
θ(tj − tk + 2η)
θ(tj − tk − 2η)
for j = 1, . . . ,m . (24)
The “matrix elements” of the vector b(t1) · · · b(tm)vc is explicitly given by
18
b(t1) · · · b(tm)vc = (−1)
mec(λ+2ηm)
∑
P∈Sm
∑
1≤j1<···<jm≤L
m∏
α=1
L∏
β=jα+1
θ(tPα − zβ)
θ(tPα − zβ − 2η)
×
∏
1≤α<β≤m
fPαPβ ×
m∏
α=1
θ(λ + tPα − zjα − 2η(rN − jα + α))
θ(tPα − zjα − 2η)
σ−j1 · · ·σ
−
jm
|0〉 (25)
Here σ−j denotes the Pauli matrix σ
− acting on the jth site, S the symmetric group,
|0〉 the vacuum vector and fjk = θ(tj − tk − 2η)/θ(tj − tk).
4. The eigenvectors of the 8V CSOS model
Let us replace λ with λ + λ0 in the L-operator (21) on W . Here λ0 is indepen-
dent of λ. Then, the R-matrix R(z, λ + λ0) is related to the Boltzmann weights
w(a, b, c, d; z, λ0) of the 8V CSOS model through the following relation
R(z,−2ηd+ λ0)e[c− d]⊗ e[b− c] =
∑
a
w(a, b, c, d; z, λ0)e[b− a]⊗ e[a− d] (26)
Here a, b, c, d denote the spin variables of the IRF (the Interaction Round a Face)
model which take integer values. 10 The spin variables have the constraint that
the difference between the values of two nearest-neighboring spins should be given
by ±1. Furthermore, for the 8V CSOS model discussed in Refs. 11,12,13, the spin
variables take the restricted values such as 0, 1, . . . , N − 1 where the values 0 and
N − 1 can be assigned for adjacent spins.
Through the relation (26), we can show that the transfer matrix T (z) of Eτ,η(sl2)
acting on the “path basis” corresponds to that of the 8V CSOS model 10,18. Here
we note that a “path” is given by a sequence of spin values satisfying the constraints
on adjacent spins. Explicitly we consider the following 18
|a1, a2, · · · aL〉(λ) = δ(λ + 2ηa1) e[a1 − a2]⊗ e[a2 − a3]⊗ · · · ⊗ e[aL − a1] (27)
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Here for the 8V CSOS model, we assume that aL − a1 ≡ ±1 (mod N). Expressing
the eigenvector b(t1) · · · b(tm)vc of T (z) in terms of the path basis, we obtain that
of the transfer matrix of the 8V CSOS model.
5. The degenerate eigenvectors of the transfer matrix of the 8V CSOS
model
Let us now assume that out ofm rapidities t1, . . . , tm, the first R rapidities tj for
j = 1, . . . , R are of standard ones satisfying the Bethe ansatz equations (24) with
m replaced by R, while the remaining NF rapidities are formal solutions given by
t(α,j) = t(α) + η(2j −N − 1) + ǫ r
(α)
j , for j = 1, . . . , N . (28)
We call the set of N rapidities t(α,1), . . . , t(α,N), the complete N -string with center
t(α). Here the index α runs from 1 to F . Furthermore, we assume that the index
(α, j) corresponds to the number R +N(α− 1) + j for 1 ≤ α ≤ F and 1 ≤ j ≤ N .
We note that the complete strings were suggested in Ref. 10 in another context.
Using the fundamental commutation relations, we can show when ǫ 6= 0
T (z)b(t1) · · · b(tR+NF ) vc = C0(z)b(t1) · · · b(tR+NF ) vc
+

 R∑
j=1
+
R+NF∑
j=R+1

 Cj b(t1) · · · b(tj−1)b(z)b(tj+1) · · · b(tR+NF ) vc . (29)
We divide eq. (29) by ǫ, and send ǫ to zero. Then, we can show that each of the
terms of eq. (29) indeed converges, by making use of the following formula
∏
1≤α<β≤m
fPαPβ =
∏
1≤α<β≤m
fαβ ×
∏
1≤j<k≤m
(
θ(tj − tk + 2η)
θ(tj − tk − 2η)
)H(P−1j−P−1k)
,
(30)
for P ∈ Sm. Here H(x) denotes the Heaviside step function: H(x) = 1 for x > 0,
H(x) = 0 otherwise. The symbol P ∈ Sm denotes an element P of the symmetric
group of m elements, where j is sent to Pj ∈ {1, 2, . . . ,m} for j = 1, . . .m. The
formula (30) has been proven in Ref. 22.
Let us consider the following function of variable z 5
G(z) =
N∑
a=1
e−4ηca
N∏
j=a+1
R∏
k=1
θ(z − tk + η(2j −N + 1))
θ(z − tk + η(2j −N − 3))
L∏
β=1
θ(z − zβ + η(2j −N − 3))
θ(z − zβ + η(2j −N − 1))
(31)
Hereafter we assume exp(4Nηc) = 1. Then, the centers t(α) ’s are determined by
G(z = t(α)) = 0 , for α = 1, . . . , F . (32)
We can show that the zeros of (32) also form complete N strings, and also that the
number of zeros of (32) is given by L − 2R, by using the Bethe ansatz equations
(24). 5 Thus, the number of independent solutions to (32) is given by (L− 2R)/N ,
The 8VCSOS model and the sl2 loop algebra symmetry of the six-vertex model at roots of unity 7
which leads to the dimension 2(L−2R)/N through the binomial expansion. Thus, for
the transfer matrix of the 8V CSOS model, any standard Bethe ansatz eigenvector
with R rapidities has the degeneracy of 2(L−2R)/N .
Let us now consider the connection of the CSOS model to the six-vertex model.
Taking the trigonometric limit: τ → i∞ and sending λ0 to infinity with some gauge
transformations, the L-operator of the 8V CSOS model becomes that of the six-
vertex model. We may assume that the trigonometric limits of the R rapidities of
the Bethe ansatz equations (24) with exp(4ηc) = 1 satisfy the trigonometric Bethe
ansatz equations of the six-vertex model. Then, the degenerate eigenvectors with F
complete N strings for the 8V CSOS model become those of the six-vertex model
with F complete N strings. Thus, we have shown that the corresponding degenerate
eigenspace is spanned by the eigenvectors having complete N strings, and also that
the dimension is given by 2(L−2R)/N = 22S
Z
max/N since the highest weight SZmax is
given by L/2−R. The result should be consistent with the previous studies. 1,2,3,4
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